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Abstract: We study singularities of algebraic curves associated with 3d N = 2 theories that 
have at least one global flavor symmetry. Of particular interest is a class of theories Tr labeled 
by knots, whose partition functions package Poincare polynomials of the ^-colored HOMFLY 
homologies. We derive the defining equation, called the super- yl-polynomial, for algebraic 
curves associated with many new examples of 3d N = 2 theories Tk and study its singularity 
structure. In particular, we catalog general types of singularities that presumably exist for 
all knots and propose their physical interpretation. A computation of super- ^-polynomials 
is based on a derivation of corresponding super polynomials, which is interesting in its own 
right and relies solely on a structure of differentials in ^-colored HOMFLY homologies. 
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1. Introduction 

Three-dimensional gauge theories with J\f = 2 supersymmetry have very rich structure, which 
is still being revealed in the course of intensive studies. This amount of supersymmetry in 
three dimensions is just right to enable interesting dynamics on one hand, and on the other 
hand to assure existence of holomorphic objects and non-renormalization theorems, so that 
certain non-perturbative effects can be controlled and exact solutions can be found [1]. With 
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a recent realization that localization techniques can be effectively used in three-dimensional 
world [2], the scope of exact results in a large class of these theories was much enlarged. 

Three-dimensional N = 2 theories are also related to a seemingly remote, mathematical 
subject of knot homologies and the so-called super- ^4-polynomials [3]. As is well known, 
knot invariants can be described in terms of three-dimensional Chern-Simons theory [4], and 
from physics perspective the connection between two classes of theories arises as a 3d-3d 
duality associated to complementary compactifications of M5-brane along appropriate three 
dimensions of its 3 + 3 dimensional world- volume [5-8]. In particular, important properties of 
both three-dimensional theories are encoded in the same algebraic curve. From Chern-Simons 
perspective this curve is interpreted as the A-polynomial which, among other things, controls 
the asymptotic expansion of the colored Jones polynomial [9] . From the perspective of N = 2 
theories this curve plays a role to some extent analogous to the Seiberg-Witten curves of four- 
dimensional gauge theories [10,11]. Even though ordinary ^4-polynomials have no moduli and 
cannot imitate various phenomena related to moduli dependence of Seiberg-Witten curves, a 
very special two-parameter generalization of the A-polynomial, called the super- A-polynomial, 
has been found in [3]. The super- A-polynomial arises in the context of knot homologies 
and, among other things, controls the color dependence of super polynomials {i.e. Poincare 
polynomials of the S* r -colored HOMFLY homologies). Its two parameters a = q N and t are 
related, respectively, to the rank of the corresponding SU(N) Chern-Simons theory and to 
the "homological" variable that comes from taking the Poincare polynomial. As discussed 
in [3], from J\f = 2 perspective a and t can be interpreted as twisted mass parameters for 
certain global symmetries 1 ?7(l)buik and U(1)f, so that at the same time super- A-polynomials 
carry important information about N = 2 theories with those symmetries. 

The purpose of this paper is two-fold. First, motivated by [12], we plan to analyze the 
singularity structure of algebraic curves associated to 3d N = 2 theories. While we discuss 
general class of theories with at least one global flavor symmetry, we are particularly inter- 
ested in analyzing theories associated to knots by 3d-3d duality, whose algebraic curves can 
be identified with super- ^4-polynomials. In this context, we will analyze dependence of the 
singularity structure of these curves on values of parameters a and t mentioned above. We 
also find a lot of new interesting phenomena in 3d N = 2 gauge dynamics, including flavor 
symmetry enhancement, new dual pairs, etc. Secondly, on a more mathematical side, we 
derive super polynomials and super- ^-polynomials for many new knots. The knowledge of 
these supers-polynomials provides an extensive testing ground for singularity analysis. On 
the other hand, a derivation of underlying super polynomials is important in its own right. All 
superpolynomials in this paper are determined based solely on the structure of differentials 
described in [13], which shows that this is indeed a very strong method leading to explicit 
results. In fact, superpolynomials for some of the knots analyzed here (e.g. figure-eight knot, 
or (2, 2p + 1) torus knots) have been found earlier by other means, such as refined Chern- 
Simons theory, as summarized e.g. in [3], where also the structure of those superpolynomials 

1 Note that the symmetry [/(l)buik was denoted as U(1)q in [3]. We call it (7(l)buik here because from the 
four-dimensional viewpoint this symmetry is the gauge symmetry of the bulk gauge theory on R 4 (see below). 
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was shown to be consistent with constraints arising from differentials. In the present paper 
we illustrate that the structure of differentials actually enables to reconstruct the superpoly- 
nomial. Consistency of such calculations based on differentials with results obtained earlier 
by other means is an important cross-check. 

The plan of this paper is as follows. In section || we introduce more details about three- 
dimensional N = 2 theories, present their relations to brane models and topological strings, 
and discuss theories labeled by knots. In section ^ we compute the reduced 5 r -colored HOM- 
FLY homology of various knots, relying on the structural properties of these homologies 
described in [13]. In section |I| we derive corresponding super- ^-polynomials. In section || 
we discuss interesting limits of super- A-polynomials, and in section || we identify important 
classes of their singularities. 

In the process of this work we were informed of related results obtained by S. Nawata, 
P. Ramadewi, X. Sun and Zodinmawia [14]. We coordinated the time of release of our paper 
with theirs. 

2. Algebraic curves for 3d J\f = 2 gauge theories 

To a three-dimensional N = 2 supersymmetric theory with at least one global (flavor) sym- 
metry one can associate an algebraic curve 

S: A (x, y; parameters) = 0, (2-1) 

or, more generally, an algebraic variety V that captures a great deal of useful information 
about various aspects of its dynamics: 

• the space of SUSY vacua / parameters; 

• partition functions in various 3d space-times with ^-background, including the super- 
conformal index; 

• the Ward identities for line operators. 

For theories of class 1Z these aspects were studied in [5,7]. While in some ways the "spectral 
curve" fl2.l|) is analogous to the Seiberg-Witten curves of four-dimensional gauge theories 
[10,11], there are certain aspects which are markedly different. 

2.1 M = 2 SQED 

The basic prototype for more general theories that we are going to consider is a U(l) gauge 



theory with two chiral multiplets of charge ±1. The algebraic curve (2.1) for this theory is 
defined by the zero locus of the polynomial 

A(x,y;t) = tx 2 (t + x)(x 2 - l) 2 + (x 3 + tfy (2.2) 
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where the parameter t is related to the tree- level Fayet-Iliopoulos term £q> as will be explained 
shortly. There are many ways to derive this curve equation, based on its relation to the above 
mentioned aspects of the theory associated with the axial symmetry U(l) x under which both 
chiral multiplets have charge +1. Let us consider, for instance, the partition function of this 
theory on a squashed 3-sphere S%, see e.g. [15]: 

Z S £ ED = [da Sb ( a + V+f) e 2^ C o (2 . 3) 
bb J s b (a-n-Y) 

where a is the scalar field in the vector multiplet, /i is the twisted mass for the U(l) x flavor 
symmetry, and Sb(z) is the double-sine function. 



In the limit 6—^0 the integral (2.3) can be evaluated by the saddle point method. 
Specifically, in this limit the integrand has the leading behavior 2 

exp Qw + . . ?j (2.4) 

where h = 2-Kib 2 is the expansion parameter and 

W = -logt • logz + -(log(-zx)) 2 -U 2 (zx)--(log(-zx- 1 )) 2 + Li 2 (zx- 1 ) (2.5) 



is the twisted superpotential expressed in terms of the exponentiated variables z = e 27r6fT , 
x = e 2lTb ^, and t = e 27rfc ^°. The saddle point of the integral fl2.3|) is obtained by minimizing 
W with respect to the dynamical variable z, 

dW 1 - zx . , 

On the other hand, a similar variation of W with respect to the twisted mass parameter x 
gives the effective FI parameter for the background flavor symmetry U(l) x : 

dW 

logy := x— — = — "effective FI parameter" . (2-7) 
ox 



In particular, for the twisted superpotential (|2.5| ) of the N = 2 SQED we obtain 

y = -z 2 (x + X' 1 - Z - Z^ 1 ) (2. 



which, after solving ( |2.6| ) and eliminating the dynamical variable z, leads to the equation 
for the algebraic curve (|2.2[) with a parameter t. Note, the curve (2.2) is smooth for generic 



values of t, and develops singularities when t = 0, t = ±1, or t = i^Tj- 

More generally, the rules for constructing the effective twisted superpotential W and, 
therefore, the spectral curve (|2.1| ) are very simple. Each basic building block of 3d Af = 2 
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Building block of 3d M = 2 theory 


Contribution to W 


chiral field with charges i%i 




gauging U{l) Xi 


extremizing w.r.t Xi 


FI coupling 


— log t ■ log X 


supersymmetric Chern-Simons coupling 
%ifA i AdA j + ... 


log Xi ■ log Xj 



Table 1: A user's guide for building W and the corresponding algebraic curve. 



theory contributes to W a certain term, as summarized in Table |l[ Then, extremizing W 
with respect to all variables associated with dynamical (gauge) symmetries and introducing 
dual, conjugate variables for all non-dynamical (global) flavor symmetries as in (^^) gives 
an algebraic curve (|2.l| ) or, more generally, an algebraic variety V. By construction, V C 
(C* x C*)^ is a complex Lagrangian submanifold with respect to the holomorphic symplectic 
form 

„ 1 v— v dxj dvj 

n = - > — A — . (2.9) 



2.2 Theories associated with knots and 3-manifolds 

Now, equipped with the useful tools of Table [l] we are ready to consider more interesting 
theories: 





3d TV = 


= 2 theory 






3dAf 


= 2 theory Tq ± 






01 02 


03 04 05 06 


parameter 




01 02 


03 04 05 06 07 


08 


^(l)gauge 


-1 


10-1 


21 


f7(l)gauge 





1-1 





gauge 





1-10 


Z2 


U(lY 

" \ J gauge 





-10-10 1 


-1 


U(1) F 





3 -3 


-t 


U(1)f 


1 


-13-3 





t/(l)bulk 





1-1 


a 


[/(l)bulk 


1 


-11-10 





17(1)* 


-1 1 


1-1 


X 


u(i) x 


-1 


1-10 


1 



We name these theories after prime knots with 5 and 6 crossings because partition func- 
tions of these theories, ZT K (x,a,q,t), reproduce Poincare polynomials of colored HOMFLY 



Note, in the limit b — > the double-sine function behaves as 



= n 

? 

where Q = b + b~ 



mb + nb 1 + ? — iz 
>n mb + nb -1 + % + iz 

m,n>0 2 



exp 



niz ni(2 - Q ) 1 Ms . 
~— + 24 + 2^ Ll2( " 6 ' 



- 5 - 



homologies for these knots 3 

Z Tk (x = q r , a, q, t) = V% (a, q,t) = J2 dqH k dim^g^K) (2.10) 

i,j,k 

where x, a, and t correspond, respectively, to flavor symmetries U(l) x , C/(l)h> u ik, an d U{1)f- 
The parameter q, on the other hand, is the equivariant parameter that keeps track of the spin 
in the three-dimensional space-time. For every knot K, the partition function ZT K (x,a,q,t) 
satisfies a g-difference equation 

A s ^(x,y;a,q,t)Z TK = (2.11) 

where operators x and y act as 

xf(x) = xf{x) , yf{x) = f(qx) (2.12) 

and obey the commutation relation associated with the symplectic Poisson structure ( [2.9D : 

yx = qxy. (2-13) 

The operator equation ( [2.11| ) can be interpreted as a Ward identity for line operators in 3d 
Af = 2 theory T K . 

Note, in the limit q — > 1 the operators x and y that correspond, respectively, to Wilson 
and 't Hooft lines commute and, therefore, A super (x, y; a, t) := A supcr (x, y; a, q, t)\ becomes 
an ordinary function — in fact, a rational function — of classical variables x, y, a, and t. 
It is precisely the defining equation for the algebraic curve ( |2.ip associated with the M = 2 
theory Tk, where a and t are treated as parameters. The reverse process of constructing a 
quantum operator A(x, y;q) from the classical curve A(x,y) = was studied e.g. in [23,24] 
for a = — t = 1 using the topological recursion. It would be very interesting to extend this 
quantization algorithm 4 to the refined case t ^ —1. 



3 



There exist different partition functions of M — 2 theories Tk that correspond to different 3d space-times, 
and all of which satisfy (2.11). For instance, we already discussed the partition function on the squashed 
3-sphere, Sf . Similarly, the partition function on S 2 x S 1 computes the generalized superconformal index of 
the theory [16,17]. And, more generally, one can consider other 3d space-times [18], such as Lens spaces [19], 
Seifert manifolds [20,21], etc. The one relevant to ( |2.10| ) is the solid torus, D 2 x S 1 , which gives the so-called 
"vortex partition function" [5]. Since this particular choice of 3d space-time is non-compact, it comes with 
a further choice of boundary conditions (at the boundary of the "cigar" D 2 = R 2 ) that leads to different 
variants of the partition function (for the unrefined version of this statement see [22]), all of which obey (2.11). 
Concretely, these choices of boundary conditions can be interpreted as different initial conditions for the q- 



difference operator equation ( p.ll| ). Only one of these choices leads to (2.10) and it would be interesting to 
investigate the role of its cousins that correspond to other choices. 

4 In the extreme special case t = — q 1 , which corresponds to the Nekrasov-Shatashvili limit in the closed 
string sector [25], it was argued [26,27] that A(x,y;q) = A(x,y). This certainly does not happen for generic 
values of t (in particular, for t = — 1) where quantization generates q-dependent terms A = 2x 2 y + . . . ~+ A = 
(q + q 3 )x 2 y + . . . that can not be reabsorbed via any change of variables or parameters, see e.g. [28]. 
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As another example, let us consider the theory Tgi with gauge group U(l) x U(l)' and 
eight chiral multiplets with flavor symmetries U(l)p, f/(l)buik) an d U(l) x . Using the rules of 
Table @ it is easy to write down the corresponding twisted superpotential 

W 6l = -Li 2 (x) + Li 2 (-at) - U 2 {-atz 2 ) + Li 2 (-at 3 x) - Li 2 (-at 3 xz 2 ) + (2.14) 



+Li 2 (zi) + Li 2 (z 2 z 1 x ) + Li 2 (xz 2 x ) + (log at 2 )(log z\z 2 x ) - logz 2 logx + (log 



where we included a few Chern-Simons couplings. As in our basic example ( |2,6| ) of J\f = 2 
SQED, extremizing with respect to the dynamical variables z\ and z 2 leads to the effective 
twisted superpotential whose logarithmic derivative ( |2.7| ) is related to x via an algebraic 
relation A super (x, y; a, t) = 0. The explicit form of this algebraic curve will be described in 
section |4.3|, where we present new results for super- ^-polynomials of simple knots. 



2.3 Relation to brane models and topological strings 

These 3d M = 2 theories can be engineered either on the world- volume of D3-branes stretched 
between various five-branes in type IIB string theory or on the world-volume of Lagrangian 
five-branes in M-theory. 

For example, the N = 2 SQED discussed above can be realized on the world-volume 
of a single D3-brane stretched (in the x e direction) between an NS5-brane and an NS5'- 
brane [29,30]: 



NS5 : 


012345 


NS5' : 


0123 


D3 : 


012 



6 (2.15) 

In this approach, charged chiral multiplets can be realized either by adding semi-infinite 
D3-branes a la [31], or by introducing D5-branes whose world- volumes are parametrized by 
8 , and x 9 . The difference of the positions of the two NS5-branes in the x 
direction determines the tree-level FI parameter £o in the U(l) gauge theory on the D3-brane. 

Similarly, J\f = 2 theories Tk can be engineered on the world-volume of Lagrangian five- 
branes in M-theory, see [3, 32, 33] and references therein. Equivalently, their close cousins 
obtained by a reduction on a circle, 

space-time: S 1 x M 4 x X 

|| U U (2.16) 
five-branes: S x R 2 x L 

can be realized on the world- volume of D4-branes in type IIA string theory, where X is the 
conifold and the Lagrangian submanifold L C X is determined by the knot K. From the 
vantage point of the four-dimensional theory on R 4 , this brane setup is often used to engineer 
half-BPS surface operators [5] whose correlation functions are known to encode homological 
knot invariants [34]. 
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The circle reduction of M = 2 theories Tk produced by the brane setup ( 2.16 ) also helps 
to identify the symmetries of these theories. Indeed, the equivariant parameter q that keeps 
track of the spin corresponds to rotation symmetry in the plane of the surface operator, 
while the global symmetry U(1)f is the rotation in the normal bundle to M 2 C M 4 . The 
global symmetry U(l) x comes from the gauge field on the D4-brane, which is non-dynamical 
because the Lagrangian submanifold L C X is non-compact. And, finally, the flavor symmetry 
^(lOtmik with the corresponding parameter a is simply the gauge group of the 4d Abelian 
gauge theory on R 4 geometrically engineered by the conifold compactification [35]; from the 
viewpoint of the surface operator it is seen as a global flavor symmetry. 

The realization of N = 2 theories Tk on the five-brane world- volume, or their dimensional 
reduction ( |2.16| ) , also helps to make certain predictions about the properties of theories Tk 
and the corresponding algebraic curves. For example, the flavor symmetry enhancement that 
occurs at special points on the curve (^^) in part comes from reducible flat connections on a 
3-manifold L. This happens because the brane world-volume theory is partly twisted (along 
L) in such a way that its equations of motion are precisely the classical equations of SL(N, C) 
Chern-Simons theory, whose relation to ^4-polynomial was explained in [9]. As a result, some 
of the singularities of the ^-polynomial come from reducible flat connections that have extra 
symmetries, which are seen as enhanced flavor symmetries in the effective N = 2 theory Tk- 



3. Colored HOMFLY homology 

In this section we compute the reduced <S r -colored HOMFLY homology of various knots, by 
using the structural properties of these homologies obtained in [13]. We give explicit three- 
variable Poincare polynomials, which later can be used to derive the super- ^-polynomials of 
various knots. Before listing the results, we review the properties that the ^-colored HOM- 
FLY homology should satisfy. 

The main property of the ^-colored HOMFLY homologies M sr (K) is the existence of 
colored differentials, which enables transitions between homology theories with different value 
of r. More precisely, for a given knot K and for every k = 0, ...,r — 1, there exists a 
differential on H (K), of (a, q, t)-degree (—1,1 — k, — 1) such that the homology of 

T~L (K) with respect to d\-k is isomorphic to T~L {K). These differentials are called vertical 
colored differentials in [13], whose grading conventions we follow throughout this paper. 5 

There is another group of colored differentials predicted in [13]. Again, for a given knot 
K and for every k = 0, . . . , r — 1, there exists a differential cL r _fc on H sr {K), of (a, q, i)-degree 
(— 1, — r — k, —3), such that the homology of 1~L sr (K) with respect to d_ r _j t is isomorphic to 
% (K). These differentials are sl(N) colored differentials in [13]. 

5 A11 results can be easily expressed in other grading conventions, and how to do this was explained in detail 
in [13,32]. 
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There is yet another universal colored differential on the homology Tl s2 {K): it is the 

c2 

differential c^-s-i of degree (0, 1,0), such that the homology of H (K) with respect to 
is isomorphic to the uncolored homology ?i s (K). 

For r = 1, the uncolored homology should categorify the HOMFLY polynomial, and its 
Poincare polynomial should coincide with the superpolynomial from [36]. Also, for r = 2 and 
r = 3 the results should reproduce the homology computed in [13] for a variety of knots. 

Finally, all knots that we consider in this paper are homologicaly thin (in fact, they are all 
alternating knots), and in particular they satisfy the refined exponential growth conjecture: 



PjE(a,q = l,t) = (P%{a,q=l,t))' 



(3.1) 



All the properties summarized here are sufficient to determine the explicit form of the 
Poincare polynomial (a, q, f) of the reduced ^-colored HOMFLY homology for many 
knots K. We also note that super polynomials for some knots among those analyzed be- 
low have been determined previously from completely independent physics perspective. In 
particular, superpolynomials for (2, 2p + 1) torus knots have been found from refined Chern- 
Simons theory in [32] (see also [37]), and the form of superpolynomial for figure-eight knot 
was conjectured in [38] (see also [3]), and in [3] we checked that those results are consis- 
tent with a structure of differentials. At present we illustrate that this structure is actually 
powerful enough to fully reconstruct superpolynomials; in particular all superpolynomials 
proposed previously by other means agree with results of this section. This is an important 
and impressive test for consistency of all methods. 

3.1 The trefoil and figure-eight knots 

We start with the results for the trefoil knot and the figure-eight knot: 



P^(a,q,t)=a r q- r J2 



k=0 



q (r+l)k t 2k^ 1+aq i-2 t)j 



K(a,q,t)=J2 



k=0 



(3.2) 



(3.3) 



i=l 



These formulas coincide with the ones obtained in [3] using physical interpretation of knot 
homologies. Here and later on, the quantum binomial coefficient is given by 



r ! 



[fc]![r-lfe]! 

where [k]\ is the unbalanced quantum factorial: 

[*]! = [fc][fc-l]...[2][l] 

[k] 



l — o 

' -1 + q + q 2 + ... + q k ~ 1 . 



1-q 



(3.4) 

(3.5) 
(3.6) 
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The products in formulas (|3.2| ) and (|3.3j ) can be re-written in terms of the familiar q- 
Pochhammer symbols (a;q) n : 



n-l 



(a;q) n = JJ(1 - og 

8=0 

and similarly for quantum binomial coefficients: 



(q;q)k(q;q)n-k (q;q)k 



For example, using these formulae the colored superpolynomial for the trefoil knot can be 
written as: 

(q^q- 1 ) 



Vi;(a,q,t)=a r q- r J2 
k=0 



(q;q)k 



\^h™{-aq-h-q) k . 



(3.7) 



It is straightforward to check that ( p^ ) and (3.3) enjoy all of the desired properties of 
the ^-colored HOMFLY homology. In particular, the terms in the products match exactly 
the degrees of the colored differentials. Thus, in the formula for the figure-eight knot one can 
clearly see the degrees of all colored differential, whereas for the trefoil knot one can explicitly 
see the degrees of one group of colored differentials (the vertical colored differentials) in the 
expression (|3.2|) . The other, sl(N) colored differentials are best seen when (|3.2|) is re- written 
in the following equivalent form: 



V^(a,q,t)=a r q r2 t 2r Y^ 

k=0 L 



q - ( r+l)k r 2kJ[( 1+aq r + i-l t3) 



(3.8) 



i=i 



As for the refined exponential growth, we have: 



Vll (a, q = 1, t) = a r £ Q t 2k (l + atf = (f) (t 2 + at 

k=0 ^ ' k=0 ^ ' 



3\k 



(3.9) 



= a r (l + t' + af i Y = (K(a,q = l,t)Y, 
and similarly for the figure-eight knot. 

3.2 5i, 52 and 6i knots 

Following the same technique, one can extend these results to other knots. For example for 5i, 
52 and 6i knots we find the following expressions for the Poincare polynomials of S^-colored 
HOMFLY homology: 



Vi;(a, q ,t)=a 2r q- 2r £ 

0<fc 2 <fci<»- 



Pl(a,q,t)=a' 



0<l<j<r 



r 




j 


j 




I 





V 








i 2 - 


a 


q 



(2r+l)(k 1 +k2)-rk 1 -k 1 k2 i .2(k 1 +k 2 ) 



t 2(k 1+ k 2 ) -Q (1 + aql -2 t) 



8=1 



-aq 1 t;q) j (-q l r t 1 ;q) j -i 
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and 



Vf 1 (a,q,t)= Yl 

0<fc 2 <A;i<r 
fcl 

x + a- 1 g 2 - i r 1 )(l + a-y-^r 3 ), (3.10) 
i=l 

Again, it is straightforward to check that all of the properties of the 5 r -colored homologies 
are satisfied for these knots. 



r 




fcl 






k 2 



Ci+fc2gfci+fcl-fcl-fc2^2fci+2fc 2 



In the remaining subsections we present S^'-colored HOMFLY homologies for various 
infinite families of knots. 



3.3 (2, 2p + 1) torus knots 

The first infinite family for which we compute the ^-colored HOMFLY homology consists of 
(2, 2p + 1) torus knots, with p > 1. We have already obtained above the expressions for the 
first two knots from this family, namely 3i and 5i knot, and the formula for arbitrary p can 
be derived by extending the results for these two knots: 



0<fc p <...<fc 2 <A:i<r 



r 




fcl" 




fcp— l 


fcl 




fc 2 




kp 



(3.11) 



fci 



9 (2r+l)(fci+fc2+...+fcp)-Ei=i h-iki i .2(k 1 +k 2 +...+kp) ^(1 + aq^t), 



i=l 



with the convention ko := r. 



The formula for the S^-colored homology of (2, 2p + 1) torus knots was also derived 
in [32] from physics. The expression given there is written as alternating sum and is more 
complicated, but in fact it gives the same value as ( |3.11| ). In particular, all coefficients in 
( |3.11 ) are manifestly non- negative, as required for the Poincare polynomial of a triply-graded 
homology theory. 



3.4 Twist knots 

Similarly, the knots 4i and 6i are the first two knots in the family that continues with 8i, 10i, 
etc., and consists of twist knots with even number of crossings. Therefore, generalizing 6 the 
above results for the first two knots in this family, we find the following S^-colored homology 

6 We thank to S. Nawata, P. Ramadewi and Zodinmawia for sharing their results and discussions, which 
motivated us to study this class. 
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of the twist knot with 2n + 2 crossings that we denote by TK2 n +2 ■ 
rf K2n+2 (a,q,t) = 

0<fc„<---<fc 2 <fci<r . 

fcl 

1=1 

In a similar manner one can find super polynomials for another series of twist knots with odd 
number of crossings, which include knots 3i, 52, etc. 













k 2 




k-n 



(3.12) 



4. Super- A-polynomials 

Using the results of the previous section, here we explore the "color dependence" of the 
colored HOMFLY homology for various knots. As predicted in [3], it is controlled by an 
algebraic curve, the zero locus of a certain 2-parameter deformation ^4 super (x, y; a, t) of the A- 
polynomial. Here, we compute the explicit form of A super (x, y; a, t) for many knots, extending 
the list of examples in [3]. We also note that, from the knowledge of superpolynomials, one 
may find explicit form of quantum super- A-polynomials A super (x,y;a,q,t), possibly with a 
help of computer software also used in [3]. Nonetheless, as the knowledge of quantum super- 
A-polynomials is not necessary for the analysis of singularities we are going to perform in 
what follows, we do not provide their explicit form here. 

An important aspect of super- A-polynomials, also related to the existence of their quan- 
tum counterparts, is so-called quantizability. Indeed, for large r and small H, the leading 
term So = J logy ^ in the asymptotic expansion of a super polynomial Vs r (K;a,q,t) ~ 
exp (| <So + • • • ) should be well defined, irrespective of an integration cycle used in the evalu- 
ation of So- This condition leads to delicate constraints for coefficients of super- ^-polynomial, 
as explained and reviewed in detail in [3,23,32]. In particular, a necessary condition for So 
to be well defined states that the (super- A- ) polynomial in question is tempered, i.e. all roots 
of face polynomials of its Newton polygon are roots of unity. This is indeed so for all knots 
considered in this paper, as long as a and t are themselves roots of unity. This result is very 
interesting itself - it shows that, even though quantizability constraints are rather strong, a 
and t can still take quite generic values. 

Among the knots analyzed in this paper, it was already checked in detail in [3] that 
quantizability requires that a and t are roots of unity for (2, 2p + 1) torus knots and figure- 
eight knot. From an inspection of figures [| and ^ it is clear that super- ^-polynomials for 52 
and 6i knots are tempered as long as a is a root of unity, and it is not hard to verify that also 
t needs to be a root of unity. Similarly, an inspection of figures |l3| and |14| (in the appendix) 
asserts that for 8i and 10i knots, a needs to be a root of unity (while in these figures we only 
show a = 1 specialization, a-dependence along faces of corresponding Q-deformed polynomials 
arises always as an overall power, and it is clear that all face polynomials determined from 
matrices in figures |l|and|| arise as Newton binomials). It is not hard to verify that in fact 
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both a and t must to be roots of unity for 81 and 10i knots, as well as other TK2 n +2 twist 
knots. 



4.1 The knot 5i 

The super- ^4-polynomial for many simple knots, including an infinite family of (2, 2p+l) torus 
knots, was already computed in [3]. Still, it is instructive to start with a simple example from 
this family, and since the simplest case of p = 1 (the trefoil knot) was already examined in 
great detail in [3] here we consider the next case of p = 2, i.e. the knot 5i. We will continue 
analysis of general (2, 2p + 1) torus knots in section 4.4 below. 

As we explained in section ||, the colored super polynomials presented there in terms of 
quantum binomial coefficients can be also written in terms of the g-Pochhammer symbols, see 



e.g. Q3,2| ) and (3.7). Similarly, the colored superpolynomial for the knot 5i can be written as 

7V(5i;a, 9 ,t) = a 2r &q 2r2 V r 2 fo +fc V fcl(r+ * 2) ~ fcl ~* 2 (gj g)r(~a*V, gk 

(4.1) 

In the limit q — > 1, replacing the summation by integration, and using the asymptotics of the 
q-Pochhammer symbol 

fe-l 



Y[(l- xq*) ~ e |(Li2(x)-Li 2 (xg fc )) ^ ^ 



i=0 

we find the potential 

W = -Li 2 (x) + Li 2 (a;zf x ) + Li 2 (z 2 ) + U 2 {ziz 2 l ) + Li 2 (-at 3 x) - Li 2 (-at 3 xzi) 

+21og(at 2 )(logx) - log a; log (zi) + 2(logx) 2 - logzi logz 2 - 21og(ziz 2 ) logi, 

where 

x = q r , z x =q k \ z 2 =q k \ (4.3) 



Then, computing y and the saddle points with respect to z\ and z 2 , we find 

y = e xd *™ 



a 2 t 4 x 4 (x - 1)(1 + at 3 xz 1 ) 



(1 + at 3 x)(x — z\) 
I _ e ^i9 2l w _ (g-^i)(l + ot 3 ggi) 

t 2 XZ\{z\ - z 2 ) 

t 2 z 1 {z 2 - l)z 2 

Finally, eliminating z\ and z 2 we find the super- ^-polynomial 

,4 super (x, y; a, t) = a + a lV + a 2 y 2 + a 3 y 3 , (4.4) 
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where 



a = -aH 12 {x - 1)V° 

ai = a 4 i 6 (-l + x)x 5 (2 + t 2 x(-l + 3x + ai(l + x(4 + £(2fcc + a(l + t 2 x(2 + x(2 

+at(2 + t 2 x(l + atx)))))))))) 
a 2 = -a 2 (l + at 3 x)(l + t 2 x(-l + z(2 + t 2 x{-2 + 3x) + a 2 iV(l + i 2 x(-l + 2x)) 

+at(2 + t 2 x{-2 + x(4 + t 2 x)))))) 
a 3 = (1 + crf 3 x) 2 



600 



2 OOO 



000 



000 



000 

10 12 



Figure 1: The Newton polygon of the super- ^-polynomial for the knot 5i. Red circles denote 
monomials of the super- A-polynomial, and smaller yellow crosses denote monomials of its a = — t = 1 
specialization. These conventions are the same as in [32]. 



The corresponding Newton polygon is shown in figure |l], and matrix representation of the 
super- ^4-polynomial is given in figure ^. In the limit a = — t = 1 we reproduce, as expected, 
the ordinary ^-polynomial (y + x 5 ) as a factor 



5\2 



A s ^(x,y; 1,-1) = (x- lY(y -l)(y + x & ) 



(4.5) 



4.2 The knot 5 2 

The super polynomial for the knot 5 2 can be rewritten as 



P Sr (5 2 ;a,9,i) = a r iV 2 £ 



0<i<j<r 



aj -i t -2i q i-2j-jr+(t-jf (q,q)r{-tq J l+ , q) i{~ at 6 q r , q) j 

(q,q)i{q,q)j-i(q,q)r-j 



(4.6) 
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-a 2 1 

a 2 t 2 - a 3 t 3 2 at 3 

-2 a 2 t 2 + a 3 t 3 (-2 + 1 2 ) a 2 t 6 

2 a 2 t" - 2 a 4 t 6 

-3a 2 t 4 -a 4 t 6 + 2a 4 t 8 + 2a 3 t 5 (-2 + t 2 ) 

-2a 4 t 6 -4 a 3 t 7 - 3 a 4 t 8 - a 5 t 9 

-a 5 t 9 + a 4 t 6 (2 + t 2 ) a 5 t 1:1 -a 4 t 8 (2 + t 2 ) 

-4 a 4 t 8 - 3 a 5 t 9 - a 6 t 10 -2a't u 

3 a 4 t 8 + a 6 t 10 - 2 a 6 t 12 - 2 a 5 t 9 (-2 + t 2 ) 

2 a 5 t 11 - 2 a 7 t 13 

-a 6 t 12 2a 6 t 12 + 2a 7 t 13 -a 7 t 15 

2a 6 t 12 a 7 t 15 -a 8 t 16 

-a 6 t 12 a 8 t 16 

Figure 2: Matrix form of the super- A-polynomial for the 5i knot. 



As usual, replacing the summation by integration and using (|4,2| ), we find the twisted super- 
potential 

VV = Li 2 (x~ 1 ) - Lis^ix- 1 ) + Li 2 (zf X ) - U 2 {z 2 z^ 1 ) + Li 2 (zi) + U 2 {z 2 ) 
+Li 2 (— at 3 x) — Li 2 (— at 3 xz\) + Li 2 (— tziz^ 1 ) — Li 2 (— tz{) 
+ log(at 2 )(logx) + (log a;) 2 + logalog^iz^ 1 ) - 21ogz 2 log t + m log z\z 2 

- log -zi log z 2 + ^(logzi) 2 + ^(logz 2 ) 2 (4.7) 

where 

x = q r , z 1 =q i , z 2 =q j . (4.8) 
Computing y and the saddle points with respect to Z\ and z 2 , we find 



y = e x9 * w 



at 2 x 2 (x - 1)(1 + at 3 xzi) 



(x — Zi)(l + at 3 x) 



x = e z 2 d* 2 W ^ (gi ~ z 2 ){t Zl + z 2 ) 



x(zi - z 2 )(tzi + z 2 ) 

Z 2 )(tZ\ + 2 

at 2 z 2 (z 2 -l) 

Finally, eliminating z\ and z 2 , we find the super- ^-polynomial 

A supcv (x, y; a, t) = a + a x y + a 2 y 2 + a 3 y 3 + a 4 y\ (4.9) 
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where 



o = a 5 t n (x-l) 3 x 7 

ai = -a 3 t 3 (-l + x) 2 x 2 (l + tx(l + t(-l + + o(2 + t(2 + x(2 + t(-2 + t(-2 

+x(3 + o(l + i(4 + x(l + i(-l + 2t(l + ate))))))))))))))) 
a 2 = a 2 (-l + x)(l + at 3 x)(l + tx(l + t(-2 + x(2 + i(-2 + i - 3tx + a (4 + ix(l + t(-2 

+x(4 + t(-4 + i(-4 + 3x) + a(6 + tx(-l + i(2 

+x(2 + t{-2 + t + a{4 + tx(-l + t{2 + atx)))))))))))))))))) 
a 3 = a(l + ai 3 x) 2 (2 + x(-l + t(l + i(-2 + x(3 + a(l + t(4 + x(-2 

+t(l + atx)(2 + t(2 + x(-l + at 2 x))))))))))) 
a 4 = -(1 + at 3 x) 3 



y 

3 OOOOOOOOO 

2 OOOOOOOOOOO 

1 OOOOOOOOO 



— OhO<^ 

6 8 10 



X 



Figure 3: The Newton polygon of the super- ^-polynomial for the knot 52. Red circles denote 
monomials of the super- A-polynomial, and smaller yellow crosses denote monomials of its a = — t = 1 
specialization. These conventions are the same as in [32]. 



The corresponding Newton polygon is shown in figure [|, and matrix representation of 
the Q-deformed polynomial [33] (i.e. t = — 1 specialization of super-^-polynomial) is given 
in figure |j. In the limit a = — t = 1 we reproduce, as expected, an ordinary ^-polynomial as 
a factor 

A s ^(x, y; 1, -1) = (x - l) 3 (y - l)A(x, y), (4.10) 

where 

A(x, y) = x 7 - x 2 (-l + x - 2x 3 - 2x 4 + x 5 )y + (-1 + 2x + 2x 2 - x 4 + x 5 )y 2 + y 3 . 
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-a 2 


2 a 


- 1 








4 a 2 + a 3 


- 4 a - 4 a 2 


3 a 





a 3 


-8 a 2 


3 a + 5 a 2 + 2 a 3 


-3 a 2 





-4 a 3 


8 a 2 + a 3 - 4 a 4 


- 4 a 2 + 2 a 3 


a 3 





6 a 3 


-3a 2 -a 3 + a 4 


a 2 - a 3 - 3 a 4 








-4 a 3 + 2 a 4 


2 a 3 - 4 a 4 + 6 a 5 


-4 a 3 + 2 a 4 








a 3 - a 4 - 3 a 5 


-3 a 3 - a 4 +a 5 


6 a 4 





a 5 


-4 a 4 + 2 a 5 


8 a 4 + a 5 - 4 a 6 


-4 a 5 





-3 a 5 


3 a 4 + 5 a 5 + 2 a 6 


-8 a 5 


a 6 





3 a 5 


-4 a 5 - 4 a 6 


4 a 6 + a 7 








-a 5 


2 a 6 


-a 7 









Figure 4: Matrix form of the Q-deformed A-polynomial for the 52 knot. 

Specializing to x = 1, we verify the relation between the super- ^-polynomial and the 
super polynomial predicted in [3]: 

A^(x = l,y;a,t) = (1 + at 3 ) 3 y 3 (v r=1 (q = 1) - yj , (4.11) 

where 

V r =i(a, q = l,t) = a(l + t + t 2 + at 2 + at 3 + at 4 + a 2 t 5 ) . (4.12) 
4.3 The knot 6 X 

The superpolynomial of the knot 6i takes the form, cf. ( |3.10| ): 

V S r(6 1 ;a, q ,t)= y (at^-^ 2 -^ (g ' ?Hz^ g)i(-**V, g)i (4 . 13) 

As usual, we replace the summation by integration with the potential 

W = -Li 2 (ac) + Li 2 (-at) - Li 2 (-atz 2 ) + U 2 (-at 3 x) - U 2 (-at 3 xz 2 ) + (4.14) 
+U 2 (z 1 ) + U 2 (z 2 z± 1 ) + U 2 (xz 2 ~ 1 ) + log(at 2 )(logziz 2 _1 ) -logz 2 logx + (logzi) 2 , 

where 

x = q r , zi = q\ z 2 = q j . (4.15) 
Then, computing y and the saddle points with respect to z\ and z 2 , we find 

= & xd x W = ( x ~ l)(l + Qt 3 xz 2 ) 
(x — z 2 )(l + at 3 x) 
1 = e z!d zi w = at 2 Zl (z 2 - zi) 
z\ - 1 

]_ _ e z2dz 2 w _ z i( x - z 2)(l + atz 2 )(l + at 3 xz 2 ) 

at 2 xz 2 (z 2 - zi) 
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We can solve the first equation for zi , and substitute the resulting value into the third equation 
to solve for Z\. Finally, plugging these values of Z\ and z 2 into the second equation, we obtain 
the super- A-polynomial 



A supev (x,y;a,t) = a + any + a 2 y 2 + a 3 y 3 + a A y 4 + a 5 y 5 , 



(4.16) 



where 



a 4 t 10 (x - 1) V 



a x = a 2 t 2 (l - x) 3 (-l + tx(-l + t + t 2 (l - 2a(l + t))x + 2at 3 (-l + t 2 )x 2 

-at 5 (-2 + o(l + t)(l + 3t))x 3 + a 2 t 6 (-l + 44(1 + t))x 4 + a 2 t 8 (l + 2o(-l + t)t)x 5 
+2a 3 t n x 6 )) 

a 2 = ai(x - 1) 2 (1 + at 3 x){-2 + fcc(-l + i + 3a 2 fV(-l + t 2 - 2t(l + tfx + t 3 (l + 2t)x 2 ) 
+a 4 t 9 x 6 (l + t(-4 + t + 2(-l + t)tx + i 3 x 2 )) + a(-2 + t(2 + z(-3 - 4t(l + t) + 4i 3 x))) 
+a 3 tV(-3(2 + x) + 2t(-3 + a?(— 1 + i(l + 2t)a?))))) 

a 3 = (-1 + z)(l + ai 3 x) 2 (l + atx{2 + i(-2 + x(2 + 4t + a(l + i(-4 + 3x 

+t(l + x(2 + 3t(l - 2t(— 1 + a + at))x + 6a(i + t 2 ) 2 x 2 + at 4 {U + 3a(-l + t 2 ))x 3 
+a 2 t 5 (3 + 4t(l + i))x 4 + a 2 (l + 2a) (-1 + t)tV + 2aW)))))))) 

a 4 = at 2 x 2 (l + ai 3 x) 3 (2 + x(-l + art (2 - x + t(-2 + x(4 + i(4 + x(-2 + a(l + t(4 - 2x 
+i(3 + tx(2 + x(-l + o(2 + i(2 + x(-l + t + a^x))))))))))))))) 

a 5 = -a 2 t 4 x 4 (l + at 3 x) 4 

The corresponding Newton polygon is shown in figure ||, and matrix representation of 
the Q-deformed ^-polynomial (i.e. t = — 1 specialization of the super- ^4-polynomial) is given 
in figure pi In the limit a = — t = 1 we reproduce, as expected, the ordinary ^-polynomial as 



A(x, y) = x 4 - (1 - x - 3x 4 - 3x 5 + 2x 6 )y + (1 - 2x - 2x 3 + x 4 )(l - x - 3x 2 - x 3 + x 4 )y 2 
-x 2 (2 - 3x - 3x 2 - x 5 + x 6 )y 3 + x 4 y 4 . 

Specializing to x = 1, we verify the relation between the super- ^-polynomial and the 
super polynomial [3]: 



a factor 



^ su P er (x,y;l,-l) 



(x-l) 4 (y-l)A(x,y) 



(4.17) 



where 



A s ^(x = l,y;a,t) 



a 2 t\l + at 3 ) 4 y 4 (r r=1 (q = 1) - y) , 



(4.18) 



where 



V r =i(a,q = l,t) 



1 + at + 2at 2 + at 3 + a 2 t 3 + a 2 t 4 + a 2 t 5 + a 3 t 6 



(4.19) 
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3 0000000000000 

2 ooooooooooooo 
1 ooooooooooo 



4 6 8 



10 



12 



Figure 5: The Newton polygon of the super- ^-polynomial for the knot 6±. Red circles denote 
monomials of the super- A-polynomial, and smaller yellow crosses denote monomials of its a = — t = 1 
specialization. These conventions are the same as in [32]. 






-a 2 


2 a 


-1 











5 a 2 


- 6 a - 6 a 2 


1 + 6 a 











-10 a 2 


6a+17a 2 + 4a 3 


-4 a - 15 a 2 


2 a 








10 a 2 


-2 a - 12 a 2 - 11 a 3 


- 2 a + 12 a 2 + 16 a 3 


-a - 10 a 2 





a 4 


-5 a 2 + 2 a 3 


-3 a 2 + 6 a 3 


-16 a 3 - 6 a 4 


4 a 2 + 18 a 3 


-a 2 


-4 a 4 


a - b a + a 


4 a 2 + 2 a 3 


3 a 2 + 6 a 3 + 7 a 4 


2 a 2 - 6 a 3 - 14 a 4 


4 a 3 


6 a 4 


6 a 3 - 4 a 4 - 4 a 5 


2 a 3 + 4 a 4 


-2 a 3 - 4 a 4 


- 6 a 3 + 4 a 4 + 4 a 5 


- 6 a 


-4 a 4 


-2 a 3 + 6 a 4 + 14 a 5 


-3 a 3 - 6 a 4 - 7 a 5 


-4 a 3 - 2 a 4 


-a 3 + 6 a 4 - a 5 


4 a 5 


a 4 


-4 a 4 - 18 a 5 


16 a 5 + 6 a 6 


3 a 4 - 6 a 5 


5 a 4 - 2 a 5 


-a 6 





a 4 + 10 a 5 


2 a 4 - 12 a 5 - 16 a 6 


2 a 4 + 12 a 5 + 11 a 6 


- 10 a 5 








-2 a 5 


4 a 5 + 15 a 6 


- 6 a 5 - 17 a 6 - 4 a 7 


10 a 6 











-a 5 - 6 a 6 


6 a 6 + 6 a 7 


-5 a 7 











a 6 


-2 a 7 


a 8 






Figure 6: Matrix form of the Q-dcformcd A-polynomial for the knot 6i. 



4.4 (2, 2p + 1) torus knots and a curious new duality 



In the present paper we found a super polynomial for (2, 2p + 1) torus knot (|3.1l[) by an- 
alyzing the structure of differentials. This superpolynomial leads to the following twisted 
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superpotential, which depends on p variables Zj = q k 



W T 2,2 P+ i = -^- + (loga p z 1 - 1 )(logx) + 2(logtx)^logz i -^(logz i logz i+1 ) (4.20) 



p-i 



i=l 



i=l 



p-1 



+Li 2 (— at) - Li 2 (x) + Li 2 (xz 1 l ) - Li 2 (— atzi) + Li 2 (2;p) + ^Li 2 (^, 



i+U 



i=l 



We call this theory as theory B, and its spectrum encoded in the above superpotential is 
presented in table |2[ One can encode properties of this theory also in a quiver diagram, 
which is shown in figure 0. The set of saddle point equations for Z{, together with the relation 



rd x W 



leads to the following system 



y 
l 

l 

l 



X — Z\ 

t 2 x(x — z{)(l + atzi) 
z\{z\ - z 2 ) 

t 2 X 2 (Zj- 1 - Zj) 
Zi-lZi{Zi — Zi + \) 
t X {Zp—\ Zp^j 

Zp—lZp^Zp 1) 



for i = 2, • • • ,p — 1, 



Eliminating of Zj from this system results in a single equation which represents super- A- 
polynomial. For p = 1 (3i knot) we obtain the super- ^4-polynomial discussed at length in [3], 
and for p = 2 we reproduce (4.4). For higher p we obtain other super- ^4-polynomials which 
were presented in [3]. 
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Table 2: Charged matter in the spectrum of the Af = 2 theory B for (2, 2p + 1) torus knots T 2,2p+1 . 

We should stress that the colored superpolynomials for (2, 2p + 1) torus knots in ( p.ll ), 
which lead to the twisted superpotential ( 4.20 ), are written as multiple sums. On the other 
hand, superpolynomials for the same family of knots are presented in [3, 32] in terms of a 
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Figure 7: Quiver diagram for theory B for (2, 2p + 1) torus knots. 



single sum; they lead to a theory which we call theory A. Nevertheless, the two expressions for 
superpolynomials are equal due to non-trivial identities, which have a beautiful interpretation 
when translated to the language of 3d N = 2 theories T% associated to knots K. 

Specifically, for (2, 2p + 1) torus knots, the two ways of writing the colored superpoly- 
nomials lead to a new interesting class of mirror pairs of 3d J\f = 2 theories (whose twisted 
superpotentials differ, and which provide equivalent descriptions of theories Ty2,2 P +i): 



Theory A : U(l) gauge theory with 9 chirals 
Theory B : U(l) p gauge theory with p + 4 chirals 



(4.21) 



In addition, both theories in these dual pairs have U(l) x x U(l)p x [/(l)buik global flavor 
symmetry, some number of neutral chiral multiplets, as well as super symmetric Chern-Simons 



couplings which depend on p and are easy to read off from [3, eq.(2.34)] and from (4.20) 
respectively. To avoid clutter, in (4.21) we list only chiral multiplets charged under gauge 



and/or flavor symmetry groups. This part of spectrum for the theory A is listed in table ||, 
and the quiver diagram for this theory is shown in figure |s| (in this quiver we ignore U(1)f x 
^(l)bulk global flavor symmetry of the theory). 
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Table 3: Spectrum of the N = 2 theory A, i.e. theory Tk for K 
superpotential given in [3, eq.(2.34)]. 



T 2 



torus knots, with twisted 



Note that even for p = 1, i.e. for the trefoil knot, both theory A and theory B are 
abelian gauge theories with gauge group U(l), much like our basic example of 3d M = 2 
SQED. Yet, these two theories have different spectrum of fields, charge assignments, and 
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Chern-Simons couplings. It would be extremely interesting to explore this duality further, 
from the viewpoint of SUSY gauge dynamics, as well as at the level of knot / braid diagrams. 



4.5 Twist knots 



The figure-eight (i.e. 4i knot) and 61 knot are the first two knots in a series of twist knots 



with 2n + 2 crossings, which we denoted TK2 n +2 in section 3.4. For a given n, the super- 



polynomial ( |3.12D is expressed in terms of n summations over fcj, which gives rise to a twisted 
superpotential WTK 2n +2 depending on n variables Zi = q ki 



WTK 2n +2 = g ( lo S x l)(l°g a 2 t A xzi) + Li 2 (-at) - Li 2 (x) + Li 2 (-at 3 x) + Li 2 (x2:f x ) 

n n— 1 

-lA 2 {-atzi) - Li 2 (-at 3 xz 1 ) + Li 2 (z n ) + ^(logat 2 Zj)(log Zi) + } j Li 2 {z i z^ 1 ). 

i=l i=l 



A spectrum of the theory encoded in the this twisted superpotential is given in table g. The 
corresponding quiver diagram is shown in figure [9|. 

From the above superpotential we also obtain a set of n saddle equations for variables 
Zi, and together with the equation defining get the following system of n + 1 
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Table 4: Charged matter in the spectrum of the N —2 theory for twist knots TK 2n +2- 



equations 



y 
l 



(x — l)(a + qt xz\) 
(1 + at 3 x)(x — z\) 
(x — Zi)(l + atz\){l + at 3 xzi)z2 
at 2 xzi{z\ — z<i) 



at 2 (zi^i - Zi)ziZ i+1 . 
1 = , for i = 2, . . . , n — 1, 



1 



Ot ( y Z n —\ z n )z v 

Z n 1 



For each n this system can be systematically solved and all Zi variables eliminated, so that 
the remaining equation represents super- ^4-polynomial A supeT (x, y; a, t) = 0. For n = 1 this 



leads to the super- ^-polynomial for 4i knot given in (A.l), and for n = 2 we obtain super- 
A-polynomial for 6i knot ( |4.16| ). As for higher n super- A-polynomials get more complicated, 
let us just present their t = — 1 specializations, i.e. Q-deformed polynomials. For n = 3, 
which represents TK$ (i.e. 8i) knot, we get the Q-deformed polynomial given in ( |B.1| ) in 
the appendix, and matrix form of its a = 1 specialization is shown in figure |13| (note that 
it differs from ordinary A-polynomial by certain overall factors, analogously to (|4.10| )). The 
Q-deformed polynomial for n = 4, which represents TK\q (i.e. 10i) knot, is given in ( |B.2D , 
and matrix form of its a = 1 specialization is shown in figure [l4] (again it differs from ordinary 
yl-polynomial by certain overall factors). 



5. Special limits and augmentation polynomials 

Thanks to its dependence on two variables x and y, and two ordinary (commutative) defor- 
mation parameters a and t, plus one "quantum" (non-commutative) deformation parameter 
q, the operator A super (x,y;a,q,t) has many interested limits and contains lots of other fa- 
miliar knot invariants as specializations. Even its classical version A snper (x,y;a,t), namely 
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Figure 9: Quiver diagram for Tk theory for K = TK 2n +2- 



the super- ^-polynomial obtained by setting q 
following interesting specializations: 



1, has a very rich structure, including the 



x = 1 gives the Poincare polynomial of the uncolored HOMFLY homology at q = 1, as 
illustrated e.g. in (4.11) and ( f4.18| ). In particular, it knows about the total dimension 
of H(K). 

x = also leads to a very simple expression which, from the viewpoint of the effective 
3d M = 2 theory Tk on the Lagrangian brane, contains information only about the 
sector neutral under the global flavor symmetry U(l) x . 

t = gives the same result as the specialization x = for all (2, 2p + 1) torus knots. 
In general, the t = limit of the super- ^4-polynomial controls the color dependence of 
the lowest t-degree piece in the colored HOMFLY homology. Usually, this piece is very 
simple; from the viewpoint of the dual 3d M = 2 theory Tk it consists of U (1) f singlets. 

a = 1 leads to the refined ^4-polynomial ^4 ref (x, y; t) that encodes the color dependence 
of the colored Khovanov homology [32] , see Figure |l~0[ 



Mm) 



3/->l 



contains the Alexander 



y = 1 is the limit in which the classical ^4-polynomial 

polynomial A(x) as a factor [39]. Its i-deformation appears to know about the knot 
Floer homology that categorifies the Alexander polynomial. 



t = — 1 gives the Q-deformed A-polynomial A^~ dei (x,y; a) of [33] that governs the color 
dependence of the HOMFLY polynomials and was conjectured to coincide with the 
augmentation polynomial of knot contact homology [40]. 
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Figure 10: Two particular specializations of the super- ^-polynomial that lead to the refined and 
Q-deformed yl-polynomials, respectively. 



More detailed discussion of these limits will be presented elsewhere, and here we wish 
to focus on the last limit, i.e. a conjectured relation to augmentation polynomials. While 
augmentation polynomials are originally defined within the knot contact homology [40-43], 
it was shown in [3] that they agree with t = —1 specialization of super- ^4-polynomials for 
(2, 2p + 1) torus knots, and conjectured this should hold in general. At present we can test 
this conjecture for a family of twist knots discussed in section [h^. Namely, building on the 
conjecture of [33], we verified that t = — 1 specialization of the super- ^4-polynomial for the 
twist knots TK2 n +2, for n = 1,2,3, is related to augmentation polynomials presented in [44] 
by the change of variables: 

x = -pT\ a = U-\ V = l, y = \l±JL. (5.1) 

Upon the above change of variables, and also taking into account that we consider re- 
duced super- ^-polynomials, and [44] presents results for unreduced augmentation polynomials 
Augxi^, ^! U, V), for n = 1, 2, 3 we find the following relations 



A TKl +2 ^y^,t = "I) = -t/- 4 >~ 6n \ + J } Aug T K 2n+2 (/x, A; U, V = 1), (5.2) 

and conjecture that they should hold for all n. Even though it is not hard to find t = — 1 
specialization of super- A-polynomials for higher n derived in section 4.5, the corresponding 
augmentation polynomials are not listed in [44]. Nonetheless, turning things around, we can 
treat our results as predictions for how corresponding augmentation polynomials should look 
like. In particular, we predict that the augmentation polynomial for 10i knot should take form 
( p.2| ), up to a change of variables presented above. It is not hard to find analogous predictions 
for higher values of n. We also find analogous relations to augmentation polynomials for 
another series of twist knots with odd number of crossings, which include knots 3i, 52, etc. 
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6. 3d analogs of Argyres-Douglas singularities 



Singularities of Seiberg-Witten curves associated with 4d M = 2 gauge theories indicate 
presence of massless dyons [10,11] and mutually non-local states [12], providing useful tools 
for finding new superconformal field theories [45]. 

In this section, we wish to examine in a similar way singularities of algebraic curves fl2.1|) 
and, more generally, algebraic varieties V associated with N = 2 theories in three dimensions: 

A dA dA {] (61) 
dx dy 

Based on brane constructions in section ^7J, we expect that such singularities signal interesting 
phenomena, including appearance of new light degrees of freedom, enhanced gauge symmetries 
(discrete or continuous), or new global symmetries (discrete or continuous). 7 Sometimes, 
several of these phenomena take place at the same time; when this happens, one often finds 
a new SCFT. 

The singularity structure of algebraic curves associated with 3d M = 2 theories turns 
out to be very intricate, and in this section we merely scratch the surface of this surprisingly 
rich subject. One feature, which may seem rather surprising compared to the singularities of 
Seiberg-Witten curves, follows from the fact that algebraic curves for 3d M = 2 theories are 
supposed to meet a rather delicate condition in algebraic K-theory [23]. As a result, curves 
for 3d theories tend to have very few moduli and their singularities are ubiquitous, as our 
basic example (2.2) of N = 2 SQED clearly illustrates. 

Of particular interest are M = 2 theories Tk that contain information about homological 
knot invariants. The algebraic curve for such a theory is defined by the zero locus of the 
super- A-polynomial of a knot K. It comes in two flavors, which correspond to reduced and 
unreduced homological invariants. The reduced version is related to knot Floer homology 
of [46,47] that, among other things, can distinguish mutant knots and links [48]. Although 
the unreduced version contains the same information, its relation to HFK theory is less direct, 
but it is also interesting and more natural in physics (in fact, the physical framework of [49,50] 
and its duals naturally produce unreduced knot homology). Below we shall consider both. 

The distinction between reduced and unreduced versions is important, but not very dra- 
matic. For instance, the relation between the corresponding operators A can be obtained 
by conjugating with V(O), as explained in the Appendix C of [3]. At the level of classical 
(q — y 1) polynomials, this gives rise to the following transformation 8 

x^x, y^i-at 3 ) 1 / 2 y. (6.2) 

1 + at^x 



Prom the viewpoint of brane models in section 2. c , many of these phenomena manifest themselves as 
certain massless states, so that a particular type of phenomenon is determined by the nature of the state 
which is becoming massless. For instance, a symmetry enhancement is interpreted either as a dynamical gauge 
symmetry or as an extra global symmetry depending on whether the corresponding mode is L 2 -normalizable 
or not. 

8 Note, since the factors like (— at 3 ) 1 ^ 2 do not affect the singularity structure, one can equally well consider 
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The supply of algebraic curves derived in section [| provides a big enough arena for exploring 
the general aspects of the singularity structure and their physical interpretation. In fact, as 
we noted earlier, the structure turns out to be so rich that even with this supply we explore 
only a tiny corner of it. Even the classification of singularities of supers-polynomials is an 
interesting problem that we do not address here. We hope that many powerful methods from 
singularity theory used e.g. in the recent work [51-53] can help in taming this entire zoo. 

6.1 The geography of singularities in the (a, t) plane 

Our goal here is to describe the singularities ( |6.lD of algebraic curves associated with 3d 
M = 2 theories Tk, identify their nature, and see how it varies across the (a, t) plane. 9 There 
are many ways to classify the singularities of A super (x,y; a,t) and one, which emphasizes the 
distinguished role of the parameters a and t, is according to their support: In what follows 
we shall see 

i) singularities that exist for all values of a and t, 

ii) singularities supported on curves in the (a, t) plane, 
in) singularities supported at points in the (a, t) plane. 

To keep our discussion concrete and explicit we will follow an example of the theory 
associated with the figure-eight knot, whose spectrum of fields and charge assignments are 
shown in Table [f| This theory is non-trivial enough to show some of the general phenomena 

figure-eight knot 
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Table 5: The spectrum of the Af = 2 theory Tk for the figure-eight knot. 

and is simple enough to be treated explicitly. Including the required FI terms and Chern- 
Simons couplings [3], one can follow the familiar steps of section || to write down the effective 
twisted superpotential, 

~ 7T 2 1 

W 4l = irilogz (logo + 2 log*) logz - -(logz) 2 + Li 2 (a; l ) - Li 2 (a; 1 z) 

o 2 

+Li 2 (-ot) - lA 2 (-atz) + Li 2 (-axi 3 ) - Li 2 (-axt 3 z) - Li 2 (z) (6.3) 



other changes of variables, e.g. 

1-x 
' y l + at 3 x y 

accompanied by a multiplication of the super- ^-polynomial by an overall factor. One should keep in mind 
such "trivial" modifications when comparing various results across the literature. 

9 One of the authors (S.G.) would like to thank C. Vafa for emphasizing this question in the context of 
knot mutation and for inspiring discussions on related topics. We hope to discuss the role of singularities of 
super- A-polynomials for mutants elsewhere. 
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where one can easily recognize contributions of the seven chiral multiplets, cf. Table |]. 
Furthermore, extremizing with respect to the dynamical variable z that in Table || corresponds 



to 17(1) gauge one finds the spectral curve (|2.7| ) , which can be written as a zero locus of the 
cubic polynomial in y: 

A supcr (x,y;a,t) = a + a x y + a 2 y 2 + a 3 y 3 . (6.4) 

The explicit form of this super- A-polynomial can be found in Appendix [A]; to avoid clutter, 
here we will only write the relevant expressions derived from that data, such as the discrimi- 
nant of the curve ( |6.4| ), etc. In fact, a good starting point - which is a lot more compact and 
shows the basic structure - is a specialization of (|6.4|) to a = 1 and t = — 1: 



A(x, y) = {x- lf{y - 1) (x 2 - (1 - x - 2x 2 - x 3 + x 4 )y + x 2 y 2 j , (6.5) 

It contains the ordinary A-polynomial as a factor and has the following discriminant 10 

(1 -x 2 ) 6 (l + x + x 2 )(l -3x + x 2 ) 3 (6.6) 

which, of course, includes the discriminant of the ^-polynomial and serves as a useful tool 
in solving ( |6.1| ), By definition, the zero locus of the discriminant tells about the repeated 
roots of the polynomial A(x,y), that we view as a polynomial in y when we write d6.6| ). 
Here, both of the "interesting" factors (1 — 3x + x 2 ) and (1 + x + x 2 ) have a well-known 
geometric interpretation and play an important role in Chern-Simons theory with complex 
gauge group [9,54]. 

In particular, the Alexander polynomial of a knot is famous for its relation to reducible 
flat connections. Namely, the roots of the Alexander polynomial, A^-(x), are precisely the 
values of x which correspond to reducible flat connections. For the figure-eight knot, the 
Alexander polynomial is 

A 4l (x) = -x~ x + 3-x (6.7) 



and this is precisely one of the factors in fl6,6| ) . The two roots of this polynomial (shown by 
red dots in Figure |l2|) correspond to the two nodal singularities of the ^4-polynomial curve 
which come from reducible flat connections: 

M = (6 - 8) 

Similarly, the factor (1 + x + x 2 ) also has a nice geometric interpretation. And, finally, the 
factor (1 — x 2 ) in (|6.6]) will be one of our central points in the discussion below. 



10 The discriminant of the reduced version of the super- A-polynomial has an additional factor (1 — x) 4 , which 
wc do not include here since it is absent in the unreduced version and does not appear to play an important 
physical role. 
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Figure 11: One of the discriminant components of the super- A-polynomial for the trefoil knot. It 
corresponds to singularities associated with reducible flat connections and has a 1-dimensional support 
in the (a, t) plane. The red dot represents the point (a,t) = (1, —1). 

Re(x) 
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_— — — - ^-~-~^^ 2 












2 



Figure 12: The discriminant of the super- A-polynomial has many components. The components 
passing through red points have a simple physical interpretation: they correspond to reducible flat 
connections in SL(2, C) Chern-Simons gauge theory. The thick red curve shows the "universal" line 
of singularities at 3 x 2 = — 1. 

Upon turning on the deformation parameters t and a, the factor (1 — x 2 ) in the discrim- 
inant fl6.6|) turns into (1 + at 3 x 2 ), so that the discriminant of the super- A-polynomial for the 
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figure-eight knot takes the form 11 

discriminant : a 2 t 2 (l + at 3 x 2 ) 6 D(x; a, t) (6-9) 

where D(x; a, t) is a degree-8 polynomial in x, whose explicit form is presented in Appendix [A|. 
In fact, the same phenomenon takes place for other knots as well, and all knots whose super- 
A-polynomial is known indeed have a singularity at 

l + at 3 x 2 = 0. (6.10) 

In other words, one can verify that for both values of x that satisfy this relation, there is a 




finite value of y such that (|6.l|) is satisfied, i.e. the curve A super (x,y) = is singular. Due to 
the ubiquitous nature of these singularities, we shall call them "universal singularities." 

Let us take a closer look at these universal singularities and see how the curve A snper (x, y) = 
actually looks near singular points (with x = iia -1 / 2 ^ 3 / 2 and suitable values of y). Again, 
something interesting happens, proving that our choice of the name for these singularities is 
a good one. Namely, for all knots whose super- ^4-polynomial is known, we find that the local 
geometry of the curves A supeT (x,y) = near universal singularities is remarkably simple and 
always looks like: 

T(.fsT) 

Cj(a,t) x J y~*-( KS )~j + higher order terms = 0. (6-H) 

3=0 

For generic values of a and t the coefficients Cj(a, t) are all non-zero and exhibit no particular 
structure; in particular, the polynomial X^i=o c j( a i z ^ has non-zero discriminant for generic 
a and t. Therefore, the nature of the universal singularity is completely determined by a 
single integer, T(K), called multiplicity. In Table ^ we list the values of T(K) for simple 
knots studied in this paper. 

One may wonder whether T(K) can be identified with any classical knot invariant. By 
examining the Table ^, it is natural to propose the following conjecture: 

? { K) = !±M*1. (6 . 12) 

The singularities associated with reducible flat connections, on the other hand, are much 
less universal. Such singularities, by definition, are supported on one-dimensional curves in 
the (a, t) plane that pass through the point (a, t) = (1, —1) where y = 1 and x is a zero of the 
Alexander polynomial, 

A K (x) = 0. (6.13) 



An example of such line of singularities in the (a, t) plane is shown in Figure ljj. We conjecture 



that such singularities signal enhancement of flavor symmetry in the 3d N = 2 theory Tk- 



1 Again, we omit the extra factors (x — 1) 2 (1 + at 3 x) 2 that are present only in the reduced version. 
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Knot K 
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p + 1 


P 


2p+l 


TK 2n+ 2 


2n + l 


1 


An + 1 



Table 6: The multiplicity of the super- A-polynomial at the "universal singularity," along with a few 
other classical knot invariants. 



This conjecture is very natural if we think of a N = 2 theory Tk realized on the world- volume 
of the Lagrangian brane wrapped on the knot complement L = S 3 \ K. Then, symmetries 
of the flat connections on L immediately translate to global symmetries of the "effective" 
theory Tk in the remaining non-compact dimensions of the brane, cf. ( [2.16 ). 



In further support this conjecture, one can consider familiar M = 2 gauge theories that 
exhibit flavor symmetry enhancement at particular values of tunable parameters and compare 
the singularities of the corresponding curves with those of the super- ^4-polynomial. The 



simplest example of such a theory is a variant of the 3d N = 2 SQED discussed in section 2.1 
with the roles of U(l) gauge symmetry and U(l) x flavor symmetry exchanged. In other 
words, one can consider a U(l) gauge theory with two chiral multiplets of charge +1 and 
with a flavor symmetry U(l) x , under which the two chiral multiplets have charges +1 and 
— 1, respectively. Then, following the rules of section instead of (|2.2|) one would find a 
curve for this theory: 

t (x 3 - y) 3 + x 2 (x 2 - l) 2 (x - y)y = , (6.14) 

where we kept the FI parameter t in the game. This curve has a singularity at (x, y) = (1, 1), 
which in the present case indeed can be clearly understood as the consequence of the flavor 
symmetry enhancement U(l) x —> SU(2) X when the two chiral multiplets become massless. 

To summarize, in the zoo of singularities of algebraic curves for M = 2 theories Tk we 
found the following special creatures: 

• Universal singularity: The singularity at ( |6.10| ) is probably the easiest to recognize; 
it is present for all knots examined here and exists at every point on the (a, t) plane. 
Despite its universal character, the physical interpretation of this singularity is not clear. 

• Reducible flat connections: lead to singularities whose status is roughly the opposite 
of the "universal" singularity. Namely, they have clearer origin / interpretation in 
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Chern-Simons theory on the knot complement, but the algebraic equations that define 
such singularities are usually more involved and have less universal form. 12 In the (a, t) 
plane, such singularities can be found only along one-dimensional curves D rc &(a,t) = 



passing through the point (a,t) = (1, —1), as illustrated in Figure 11. 



Motivated by the phenomena in four-dimensional SUSY gauge theories [12,45], it is 
natural to study points where singularities of the 3d algebraic curve ( |2.1| ) collide. In particular, 
for curves associated with 3d N = 2 theories Tx, we expect non-trivial superconformal fixed 
points when the universal singularity collides with one of the singularities associated with 
reducible flat connections. Note, both type of singularities occur at isolated points on the 
curve ^4 super (x, y; a, t) = 0. Let us denote those points by (x, y) U mv and (x, y) re d> respectively. 
Of course, these values depend on the parameters a and t, which in the latter case must obey 



an additional relation D re d(a, t) = 0, cf. Figure 11. From our definition of the universal 
sine ularity flSlcD we know that 



,(a,t) = ±-±= (6.15) 
vat 6 



and from our definition of the singularities associated with reducible flat connections ( |6.13 ) 
we also know that 

x red (l,-l) G A^(0) and y red (l, -1) = 1 , (6.16) 

where A^- 1 (0) denotes the set of zeros of the Alexander polynomial. These two types of 
singularities would collide provided that 

x UIliv (a,t) = x Icd (a,t) (6.17) 
yuniv(M) = 2/red(M) 

for some values of a and t. Naively, this can never happen because (|6.1?1 ) impose two relations 
on two variables a and t, in addition to the constraint D Ted (a,t) = 0. In other words, while 
the universal singularity exists for any value of a and t, as we learnt earlier the singularities 
associated with reducible flat connections can only be found along one-dimensional loci in the 
(a, t) plane, which seems to give an over-constrained system with ( |6.17| ). These equations, 



however, do admit non-trivial solutions. For example, for the trefoil knot eqs. (6.17) can be 
solved provided that 

It would be interesting to understand the significance of this relation and to study further 
the physics of 3d M = 2 gauge theories when singularities of the curve (2.1) collide, not only 
in the context of theories Tjc that come from knots. 



2 The latter feature is not surprising, of course, as different 3-manifolds have different fiat connections. 
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A. The figure-eight knot 

The super- ^-polynomial of the figure-eight knot 4i has the form [3]: 

,4 supcr (x, y; a, t) = a 2 t 5 (x - 1) V + at 2 x 2 (l + at 3 x) 2 y 3 + (A.l) 
+at(x - 1)(1 + t(l - t)x + 2at 3 (t + l)x 2 - 2at A (t + l)x 3 + a 2 t 6 (l - t)x A - a 2 t 8 x 5 )y 
-(1 + at 3 x)(l + at(l - t)x + 2at 2 (t + l)x 2 + 2a 2 t A (t + l)x 3 + a 2 t 5 (t - l)x A + a 3 t 7 x 5 )y 2 . 

As a polynomial in y, it is a polynomial of degree 3 with the discriminant ( |6.9[) , where 

D(x; a, t) = 1 + (2(1 + a)t - 2t 2 - 2at 2 ) x 

+ (t 2 + 8at 2 + a 2 t 2 + 2t 3 - 6at 3 + 2a 2 t 3 + t A + 8at A + a 2 t 4 ) x 2 

+ (lOat 3 + 2a 2 t 3 - 6at 4 + 6a 2 i 4 - 6at 5 + 6a 2 t 5 - 2at e - 10a 2 t 6 ) x 3 

+ (4at A + a 2 t A + 10at 5 + 6a 2 1 5 + 2a 3 1 5 + 8at 6 + 25a 2 t 6 + 8a 3 t 6 + 2at 7 

+6a 2 t 7 + 10a 3 t 7 + a 2 t 8 + 4a 3 t 8 )x 4 
+ (-10a 2 t 6 - 2a 3 t 6 + 6a 2 t 7 - 6a 3 t 7 + 6a 2 t 8 - 6a 3 t 8 + 2a 2 t 9 + 10a 3 t 9 ) x 5 
+ {a 2 t 8 + 8a 3 t 8 + aH 8 + 2a 2 t 9 - 6a 3 t 9 + 2a 4 t 9 + a 2 t w + SaV + a 4 t 10 ) x 6 
+ (_2a 3 t 10 - 2a 4 t 10 + 2a 3 (l + a)t u ) x 7 + a 4 i 12 x 8 . 
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B. Results for 81 and 10i knots 



In this appendix we present Q-deformed polynomials for 81 and 10i knots, as well as matrix 
form of their a = 1 specializations (note that they differ from ordinary ^-polynomials by 
some overall factors, analogously as in ( |4.10| )). 



7 

i=0 



where 



a = -a b (-l+x) b x b , 

ai = a 3 (-l + x) 5 (-l + 2x - x 2 + 3a 2 x 6 + 2a 3 x 7 - 2a 3 x 8 - 6a 4 x 8 + 3a 4 x 9 ), 

a 2 = -a 2 (-l + x) 4 (-l + ax) (-3 + Ax + 6ax - x 2 - 6ax 2 - 4ax 3 + 4ax 4 - 6a 2 x 6 - a 3 x 7 

+4a 3 x 8 - 2a 4 x 9 + 15a 5 x 9 - a 4 x 10 - 12aV° + 3a 5 x n ), 
a 3 = a (-l + x) 3 (-l + ax) 2 (-3 + 2x + 12ax - 2ax 2 - 15a 2 x 2 - 8ax 3 + 5a 2 x 3 + 6a 2 x 4 

+13a 2 x 5 - 12a 3 x 7 - a 4 x 8 + 8a 4 x 9 + 6a 5 x 10 - 20a 6 x 10 - 4a 5 x n + 18a 6 x n 

-6a 6 x 12 + a 6 x 13 ), 

a 4 = -(-1 + x) 2 (-l + ax) 3 (-l + 6ax + 4ax 2 - 18a 2 x 2 - 6a 2 x 3 + 20a 3 x 3 - 8a 2 x 4 + a 3 x 5 
+12a 3 x 6 - 13a 4 x 8 - 6a 5 x 9 + 8a 5 x 10 - 5a 6 x 10 + 2a 6 x n + 15a 7 x 11 - 2a 6 x 12 
-12a 7 x 12 + 3a 7 x 13 ), 

a 5 = a(-l + x)x 2 (-l + ax) 4 (-3 + x + 12ax + 2ax 2 - 15a 2 x 2 - 4ax 3 + a 2 x 4 + 6a 2 x 5 

-4a 3 x 7 + 4a 4 x 8 + a 4 x 9 + 6a 5 x 9 - 4a 5 x 10 - 6a 6 x 10 + 3a 6 x n ), 
a 6 = -a 2 x 4 (-l + ax) 5 (-3 + 2x + 6ax - 2ax 2 - 3ax 3 + a 3 x 7 - 2a 4 x 8 + a 5 x 9 ), 
a 7 = a 3 x 6 (-l + ax) 6 y 7 . 
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Figure 13: Matrix form of a = 1 specialization of Q-dcformcd polynomial for the knot 8i. Face 
polynomials clearly arise from Newton binomials; in consequence, when a and t dependence is taken 
into account, the quantizability conditions imply that both a and t must be roots of unity. 



where 

o = _ a 8 (-l + x) 8 x 8 , 

ai = a 4 (-l + x) 7 (-l + 2x - x 2 + 4a 3 x 8 + 3a 4 x 9 - 3aV° - 8aV° + 4a 5 x n ), 

a 2 = -a 3 (-l + x) 6 (-l + ax)(-4 + 6x + 8ax - 2x 2 - 9ax 2 - 4ax 3 + 5ax 4 - 10a 3 x 8 

-8a 4 x 9 + 10a 4 x 10 + a 5 x 10 + 28a 6 x n - 3a 5 x 12 - 24a 6 x 12 + 6a 6 x 13 ), 
a 3 = a 2 (-l + x) 5 (-l + ax) 2 (-6 + 6x + 24ax - x 2 - 12ax 2 - 28a 2 x 2 - 16ax 3 

+13a 2 x 3 + 6ax 4 + 18a 2 x 4 + lla 2 x 5 - 15a 2 x 6 + 20a 3 x 8 - 15a 4 x 10 + 4a 5 x n 

-13a 6 x n + 6a 5 x 12 + 24a 6 x 12 - 56a 7 x 12 - 9a 6 x 13 + 60aV 3 - a 6 x 14 

-24a 7 x 14 + 4a 7 x 15 ), 

a 4 = -a(-l + x) 4 (-l + ax) 3 (-4 + 2x + 24ax + 3ax 2 - 60a 2 x 2 - 12ax 3 - 9a 2 x 3 
+56a 3 x 3 + 14a 2 x 4 - a 3 x 4 + 31a 2 x 5 - 16a 3 x 5 - 17a 3 x 6 - 46a 3 x 7 + 45a 4 x 9 
+9a 5 x 10 - 32a 5 x n + a 6 x n - 18a 6 x 12 + 15a 7 x 12 + 17a 6 x 13 - 36a 7 x 13 + 70a 8 x 13 
+21a 7 x 14 - 80a 8 x 14 - 6a 7 x 15 + 36a 8 x 15 - 8a 8 x 16 + a 8 x 17 ), 

a 5 = (-1 + x) 3 (-l + ax) 4 (-l + 8ax + 6ax 2 - 36aV - 21a 2 x 3 + 80a 3 x 3 - 17a 2 x 4 
+36a 3 x 4 - 70a 4 x 4 + 18a 3 x 5 - 15a 4 x 5 + 32a 3 x 6 - a 4 x 6 - 9a 4 x 7 - 45a 4 x 8 
+46a 5 x 10 + 17a 6 x n - 31a 6 x 12 + 16a 7 x 12 - 14a 7 x 13 + a 8 x 13 + 12a 7 x 14 + 9a 8 x 14 
-56a 9 x 14 - 3a 8 x 15 + 60a 9 x 15 - 2a 8 x 16 - 24a 9 x 16 + 4a 9 x 17 ), 

a 6 = -a(-l + x) 2 x 2 (-l + ax) 5 (-4 + x + 24ax + 9ax 2 - 60a 2 x 2 - 6ax 3 - 24a 2 x 3 
+56a 3 x 3 - 4a 2 x 4 + 13a 3 x 4 + 15a 2 x 5 - 20a 3 x 7 + 15a 4 x 9 - lla 5 x 10 - 6a 5 x n 
-18a 6 x n + 16a 6 x 12 - 13a 7 x 12 + a 6 ^ 3 J- 12a 7 x 13 + 28a 8 x 13 - 6a 7 x 14 
-24a 8 x 14 + 6a 8 x 15 ), 

a 7 = a 2 (-l + x)x 4 (-l + ax) 6 (-6 + 3x + 24ax - 28a 2 x 2 - 10ax 3 - a 2 x 3 + 8a 2 x 4 
+10a 2 x 5 - 5a 4 x 9 + 4a 5 x 10 + 2a 5 x n + 9a 6 x n - 6a 6 x 12 - 8a 7 x 12 + 4a 7 x 13 ), 
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Figure 14: Matrix form of a = 1 specialization of Q-deformed polynomial for the knot 10i. Face 
polynomials clearly arise from Newton binomials; in consequence, when a and t dependence is taken 
into account, the quantizability conditions imply that both a and t must be roots of unity. 
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